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Small-angle neutron scattering �SANS� experiments were performed on a Ni-based
nanoprecipitate-strengthened superalloy. A theoretical model for SANS absolute intensity
distribution I�Q� was presented to extract the structural properties. During the deformation process,
a change in the morphology of precipitates was discovered. However, the average interprecipitate
distance and the average volume of precipitates were found to remain invariant. This microstructural
information resolved by SANS is in good agreement with the results obtained from the quantitative
transmission-electron-microscopy image analysis. © 2008 American Institute of Physics.
�DOI: 10.1063/1.3002288�

The age-hardening effect, one of the most widely used
means for strengthening alloys, was discovered by Wilm.1

Since then, it has been extensively used for developing vari-
ous metal-based structural materials for innumerable indus-
trial applications.2–4 The strengthening mechanism relies on
precipitation in some phases other than that of uniform dis-
persion. The dislocations are localized and prevented from
continued movements by the strain field introduced by the
lattice mismatch between the precipitates and the homoge-
neous matrix. The morphology of the precipitates and their
spatial arrangement in the embedded matrix are two known
key elements in deciding the mechanical performance.
Transmission-electron-microscopy �TEM� technique has of-
fered extensive direct observations of local structural charac-
teristics for materials optimization.5 However due to the fi-
nite sampling space, special care is required to extract the
ensemble-average information from the taken image. Small-
angle neutron scattering �SANS� approach presents a
complementary tool to the microscopy technique: it can pro-
vide nanoscale information via the measurement of the Fou-
rier transform of the spatial correlation function. However,
unlike TEM data, the collected scattering intensity I�Q� is
presented in reciprocal Q space and, therefore, to obtain
quantitative real-space information, model fitting is usually
required. However, in the study of nanoprecipitates, the data
analysis is inevitably compounded by the thermodynamically
driven polydispersity in the size of precipitates and the
anisotropic interprecipitate interference.

The focus of this report is to present a model for SANS
I�Q� to facilitate the application of SANS for the study
of alloy precipitation strengthening. A recently developed
nickel-based alloy6 with exceptional mechanical perfor-
mance due to the Ni2�Cr,Mo� precipitates7 is selected as an
example to demonstrate the applicability of our proposed

model. Moreover, a quantitative TEM analysis is used to
assess the integrity of the structural information rendered by
the SANS experiment.

Our methodology is briefly described as follows. In gen-
eral, I�Q� obtained from a system consisted of nonspherical
particles can be expressed as

I�Q� =
N����2

VS
P�Q��1 + ��Q��S�Q� − 1�� + IINC, �1�

where �� is the difference in scattering-length densities be-
tween the particle and the dispersion medium; VS is the
sample volume illuminated by neutron beam; N is the num-
ber of precipitates in Vs; P�Q� is the average form factor
given by the shape and density profile of particles; S�Q� is
the effective one-component interprecipitate structure factor,
which is a measure of the interparticle interference; ��Q� is
the decoupling constant dependent on both the size polydis-
persity and intraprecipitate density profile,8 and IINC is the
incoherent background.

In the practical implementation of our model fitting,
N����2 /VS is treated as a fitting parameter suggested by
Pedersen.9 To minimize the interfacial energy influenced by
the strain energy, it is found that Ni2�Cr,Mo�-type precipi-
tates are shaped in the form of polydisperse ellipsoids.10

Therefore, P�Q� is modeled as

P�Q� � P�Q,R�

=	 P�Q,x,��N�x,R,��dx
	 N�x,R,��dx , �2�

where

P�Q,R,�� = �4�

3
R3�2	

0

�/2 3j1�Qr�R,�,���
Qr�R,�,��

sin �d��2

�3�

is the form factor of ellipsoids.a�Electronic mail: chenw@ornl.gov.
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r�R,�,�� = R�sin2 � + �2 cos2 ��1/2, �4�

where R is the long axis, � is the aspect ratio, and � is the
polar angle from 0 to � /2. The effect of polydispersity is
incorporated through the decoupling approximation8 and a
standard Gaussian law11

N�x,R,�� =
1

2��2
exp�− �x − R�2

2�2 � , �5�

where � is chosen to describe the size distribution ��2 is the
variance�.

It is not innovative to apply the scattering techniques to
obtain the structural information of colloidal suspensions.
The intercolloid structure factor, S�Q� from the Ornstein–
Zernike �OZ� integral equation, is in virtue of that colloidal
particles are equilibrated through Brownian motions with a
suitable closure whose choice is essentially decided by the
effective interparticle interaction V�r�. This approach has
been used previously to provide the structural information of
the age-hardened alloys such as Al–Li alloys.9 However, in
our system, the precipitates are formed during a two-step
heat treatment initialized by a 16 h annealing at 705 °C and
followed by a 32 h cooling at 605 °C.7 The melting point is
found to be 1310 °C.12 Therefore, the precipitates are gen-
erated in a solid-state solution during the heat treatment. Due
to the lack of Brownian motion of precipitates, the validity of
the OZ-closure approach is, therefore, questionable. To by-
pass this difficulty, the interprecipitate structure factor S�Q�
is calculated via a stochastic phenomenological model. It is
assumed that precipitates are partially ordered and separated
from the nearest neighbors with a preferred distance, L, with
a deviation measured by the root-mean square denoted by �.
The interprecipitate structure factor13 S�Q� is expressed as a
function of Q, L, and �

S�Q,L,�� = 2� 1 − exp�− �Q2�2�/4�cos�QL�
1 – 2 exp�− �Q2�2�/4�cos�QL� + exp�− �Q2�2�/2�� − 1.

�6�

The incoherent scattering IINC is mainly determined by the
measure of I�Q� in a high Q region. Based on a gradient-
searching nonlinear least-squares fitting method, the SANS
data are analyzed with the inclusion of instrumental reso-
lution. It is important to note that the coherent SANS inten-
sity distributions obtained from the alloy can be fitted
uniquely by the current proposed model with five param-
eters: R, �, �, L, and �. SANS measurements were carried
out at the NG-7 SANS instruments in the NIST Center for
Neutron Research. The wavelength �	� of the incident neu-
trons was selected as 6.0 Å with wavelength spreads �	 /	
of 15%. The scattering wave vector Q ranges from
�0.006–0.32� Å−1. The samples were kept at a constant tem-
perature of �23.0
0.1� °C. For the present SANS-intensity
distribution functions placed in an absolute scale, the correc-
tions for detector background and sensitivity have been taken
into account.

Figure 1 gives the evolution of true stress as a function
of true strain for the alloys before and after heat treatment.
Due to the additional strengthening introduced by the pres-
ence of the nanoprecipitates interacting with the dislocation
activities, at the same strain level, the mechanical property is
seen to be enhanced markedly for the aged sample in

comparison to the annealed one. For example, the 0.2% yield
strength is seen to increase from 376 to 690 MPa.

The corresponding SANS data for the alloys �symbols�
along with their theoretical fits �curves� incorporating a Q−4

contribution at small Q are shown in Fig. 2�a�. Unlike bot-
tom two curves, a lack of the interaction peak centered at
Q�0.03 Å−1 for the I�Q� obtained from the annealed
sample prior to the aging processes is foremost noticed.
Compared with the evolution of the mechanical properties
presented in Fig. 1, this observation clearly indicates that the
establishment of the interaction peak is due to the precipi-
tates developed during the heat treatment. The bottom two
curves with the interaction peak at Q�0.03 Å−1 were mea-
sured from the aged alloy containing the nanoprecipitates.
The coherent scattering intensity obtained from the aged
alloys is presented in Fig. 2�b�. When Q�0.03 Å−1, a clear
difference is observed. The quantitative structural informa-
tion obtained from the SANS-model fitting is given in Table
I. It is noticed that within the experimental error, the inter-
precipitate distance L is seen to remain invariant before and
after the deformation. The major structural change resulting

FIG. 1. �Color online� The true stress-strain curves of the annealed �circles�
and aged samples �squares�. The monotonic-tension experiments were car-
ried out at room temperature with a strain rate of 0.001 /s.

FIG. 2. �Color online� �a� The SANS-intensity distribution obtained from
the annealed �circles�, the undeformed-aged �squares�, the 30%-elongated,
deformed-aged samples �triangles�, and fits �lines�. The curves have been
displaced for the sake of better visibility. �b� The coherent scattering ob-
tained from the aged samples: undeformed �squares� and deformed
�triangles�.
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from the applied stress is the morphological change in the
precipitate. After the deformation, the long axis R of the
ellipsoidal precipitate is found to increase from 58 to 64 Å
while the aspect ratio � decreases from 0.67 to 0.58. As a
result, the average shape of a single precipitate becomes
more ellipsoidal. The particle-shearing mechanism,13 as dis-
locations cut through the precipitates, increases the variance
of the precipitate size. Note that only part of the precipitates
located on the shear bands was cut by the dislocations as
shown in Fig. 3.

The fact that the applied external stress shows little im-
pact on the average volume of the precipitate �357
35.7 and
370
66.6 nm3� deserves a special attention. It has been
well accepted, as proposed by Eshelby14 in 1957, that the
invariance of the volume of precipitates suggests no ex-
change of atoms between the precipitates and their embed-
ded matrix during the deformation process. One well-known
characteristic of this diffussionless interface is the discrete
change in the density when crossing from one phase to an-
other. Based on this picture, it is conjectured that the change
in the precipitate morphology is not from the grain growth
but due to the spatial rearrangement of the intraprecipitate
constituent elements. This hypothesis is not without any
physical basis: the aforementioned invariance of L, as shown
in Table I, implies that there is no substantial creation or
annihilation of precipitates during the deformation process to
alter the average distance between the precipitates. More-
over, during the deformation process, a discernable increase
in �, the variance of L from 81 to 95 Å, is also noticed. This

observation is believed to be the manifestation of the stress-
enhanced shape anisotropy of precipitates as indicated by the
increase in the aspect ratio �. Along with the SANS results,
the structural information obtained from TEM analysis is
also presented in Table I in a comparative manner. The spa-
tial distribution of the precipitates appearing in the TEM mi-
crograph, such as the example given in Fig. 3�b�, is quanti-
tatively identified. The recorded Cartesianized coordinates
are further analyzed to resolve the microstructure. As clearly
seen from Table I, the results obtained from SANS model
fitting are quantitatively consistent with those computed
from TEM image analysis. This agreement verifies the appli-
cability of our proposed SANS methodology in exploring the
structural properties of nanoprecipitates.

In conclusion, in this letter we present a SANS I�Q�
model combining the P�Q� for polydisperse ellipsoids and a
stochastic phenomenological model of S�Q� for studying the
structural properties of a nickel-based alloy. Based on our
model, a clear deviation in morphology of precipitates is
found when a stress is applied. However, the average precipi-
tate volume and interprecipitate distance are seen to remain
invariant, suggesting no significant diffusion involved during
deformation process. Moreover, the validity of this proposed
model is verified and backed by TEM experiments. The ma-
jor contribution of this letter is that it provides an alternative
route for exploring the microstructure of nanoprecipitates
embedded in a superalloy in solid state.
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TABLE I. The structural information of the nanoprecipitates �unit: Å�.

Aged alloys �containing nanoprecipitates�
Undeformed Deformed �30% elongation�

SANS TEM SANS TEM

Interprecipitate distance �L� 148.3
1.0 158.8 147.1
2.8 135.3
variance of L��� 81.0
0.6 75.8 95.2
1.2 85.9
Radius of the precipitates �R� 57.5
0.5 60.0 �7� 64.1
1.9 64.7
variance of R��� 13.1
0.2 50.0 �7� 13.6
0.4 51.2
Aspect ratio of the precipitates ��� 0.67
0.03 0.64 0.58
0.03 0.50
Volume �Å3� �3.57
0.36��105 3.29�105 �3.70
0.67��105 3.68�105

FIG. 3. �Color online� �a� The TEM results of the aged alloy after the
30%-deformation with the �2,2,0�-zone-axis diffraction patterns marked on
the top-right. The arrows point the shear bands, which accumulate disloca-
tions. �b� The two-beam-condition TEM showd that only part of the precipi-
tates located on the shear bands is cut.
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